We report a Monte Carlo study of the effects of fluctuations in the bond distribution of Ising spin glasses in a transverse magnetic field, in the paramagnetic phase in the T → 0 limit. Rare, strong fluctuations give rise to Griffiths singularities, which can dominate the zero-temperature behavior of these quantum systems, as originally demonstrated by McCoy for one-dimensional (d = 1) systems. Our simulations are done on a square lattice in d = 2 and a cubic lattice in d = 3, for a gaussian distribution of nearest neighbor (only) bonds.
lattice in d = 3, for a gaussian distribution of nearest neighbor (only) bonds.
In d = 2, where the linear susceptibility was found to diverge at the critical transverse field strength Γ c for the order-disorder phase transition at T = 0, the average nonlinear susceptibility χ nl diverges in the paramagnetic phase for Γ well above Γ c , as is also demonstrated in the accompanying paper by while Griffiths singularity effects are certainly observable in the paramagnetic phase, the nonlinear susceptibility appears to diverge only rather close to Γ c .
These results show that Griffiths singularities remain persistent in dimensions above one (where they are known to be strong), though their magnitude decreases monotonically with increasing dimensionality (there being no Griffiths singularities in the limit of infinite dimensionality).
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I. INTRODUCTION
In his classic paper, Griffiths [1] found that the magnetization of the site-diluted classical Ising ferromagnet exhibits, in the paramagnetic phase, an essential singularity as a function of external magnetic field H, at H = 0. The singularity occurs for a range of temperatures T above the actual critical temperature T c of the system, but below the critical temperature of the parent uniform ferromagnet. This effect, known as the Griffiths singularity, arises as a result of fluctuations in the distribution of the disorder in models with quenched randomness.
Clusters which are coupled to each other more strongly than the average appear locally ordered, even though the system as a whole is still in the disordered phase. If these (usually rare) "Griffiths clusters" occur with sufficiently large probability, their effects can dominate the properties of the average system.
Griffiths singularities in the static properties of classical site-or bond-diluted random spin systems are quite weak. Consequently, they have not yet been observed in actual experiments or in high precision computer simulations [2] . There have also been studies of the dynamic effects of Griffiths clusters in classical spin systems. Such regions lead to non-exponential relaxation of the temporal spin correlation function in the paramagnetic phase, at temperatures below the T c of the pure system. Analytical bounds for the diluted ferromagnet [3] and spin glass [4] suggest a relaxation that is slower than not only an exponential in time t, but also an exponential in any power of t; however, the bound decays faster than any power of t. Non-exponential relaxation is observed in Monte Carlo simulations of the symmetric ±J Ising spin glass model [5, 6] , though the functional form appears to fit a stretched exponential, rather than the asymptotic form obtained from the analytic considerations of dynamic Griffiths singularities [4] . Thus, it is not clear to what extent the observed non-exponential relaxation is related to the rare unfrustrated clusters considered in formulating the analytical bounds, nor is there a well-formed picture of the dominant dynamic Griffiths singularities in these systems.
For random quantum systems the situation is very different, as can be seen from the work of McCoy [7] , and as has been recently emphasized by Fisher [8] . In quantum systems the dynamics are inextricably linked to statics, so static and dynamic Griffiths singularities are essentially the same phenomenon. Further, Griffiths singularities are greatly enhanced by quantum fluctuations, leading to many cases where system properties are dominated by rare regions of the sample. Thus, for example, the magnetic susceptibility in insulating random antiferromagnets both in one dimensional compounds such as TCNQ salts (e.g. Qn(TCNQ) 2 ) [9] and in three dimensional lightly doped semiconductors (e.g. Silicon doped with Phosphorus [10] or Boron [11] ) is dominated at low temperatures by the divergent contribution from rare, weakly coupled spins. Various theoretical studies justifying the observed divergent form exist, based on models of random quantum spin-1/2 antiferromagnets with short range interactions [12, 13] . Similar explanations have also been suggested for divergent susceptibilities for dimerized spin-1/2 chains with randomness [14] , and for amorphous metallic systems with magnetic moments [15] .
The random quantum Ising model in a transverse field, which we study here, undergoes a T = 0 quantum phase transition from a spin-glass ordered phase at low field, to a disordered phase at high field. While this is true in all dimensions at T = 0, most is known about the model in d = 1 [16] [17] [18] . In this case, Griffiths singularities dominate both the disordered phase as well as the critical region. Among the more spectacular results is the demonstration [7, 16] (more than 25 years ago) that the average linear magnetic susceptibility diverges in the disordered (paramagnetic) phase as the transverse field is reduced from a large value, well before the transition to the ordered phase. Further, the dynamical exponent, z, characterizing the scaling of the temporal and spatial correlation lengths at the phase transition, is found to be infinite (the correlation time scales exponentially with the spatial correlation length). As shown by Fisher [18] , there is a significant difference between average and typical spin-spin correlation functions, and the former are dominated by Griffiths singularities coming from rare events. Note that for the linear chain (d = 1) there is no frustration even when the exchanges are of random sign. The d = 1 transverse-field Ising spin glass is simply mapped onto an equivalent random-exchange ferromagnet by a variable change that interchanges the σ z = 1/2 and σ z = −1/2 states at the appropriate sites.
In higher dimensions, effects of Griffiths singularities are expected on general grounds to be weaker for both the spin glass and the random ferromagnet. However, as argued by Thill and Huse [19] , divergences due to Griffiths singularities do survive for any finite d, although they may be confined to very high-order susceptibilities. It is the quenched disorder that produces the Griffiths singularities, so the frustration present in the spin glass is not essential to the phenomenon. However, the spin glass is in a certain sense the simplest system to study, since there is a standard no-parameter model, namely the Edwards-Anderson model with Gaussian-distributed exchange couplings with variance one and mean zero. A model random ferromagnet has an additional parameter to set, namely the strength of the random variations in the exchanges relative to the mean exchange. Although it would be interesting to also study the random ferromagnet, here we confine our attention to the spin glass.
Numerical simulations of the quantum Ising spin glass in d = 2 [20] as well as in d = 3 [21] suggest that in both cases, the scaling at the T = 0 quantum phase transition is characterized by a finite dynamical exponent (so that the relation between temporal and spatial correlation lengths is of the conventional power-law type). However, the average linear susceptibility is found to be divergent [20] at the phase transition in d = 2 (where the spin-glass ordered phase, and hence the transition occurs only at T = 0), whereas in d = 3, which has a transition both at T = 0 and at nonzero T, the average linear susceptibility remains finite at the transition [21] . The non-linear susceptibility is found to be divergent (as expected) in both cases; however, the exponent characterizing the divergence is found to be considerably larger than the one obtained in experiments on a related system, the diluted, dipolar coupled, Ising system, LiHo
The present work has thus been motivated on a number of grounds. Firstly, it would be of interest to see whether the strong effects of Griffiths singularities seen in d = 1 are a purely one-dimensional phenomenon (as many unusual properties turn out to be), or are more general. Secondly, a systematic study of Griffiths singularities in higher dimensions would help ascertain their importance in quantum systems without any theoretical assump-tions or biases. (Previous studies in higher dimensions are based on the applicability of certain schemes -e.g. phenomenological arguments in the case of Thill and Huse [19] , and convergence of perturbative renormalization schemes in the case of quantum antiferromagnets [13] ). Finally, it would be of interest to investigate the possibility that strong Griffiths singularities may be complicating the comparison between numerical simulations on the transverse Ising spin glass and the experiments on the diluted dipolar system. Here we study both the two-and three-dimensional quantum Ising spin glass; the accompanying paper by Rieger and Young [23] is a substantially more thorough study of the two-dimensional case. The previous simulation studies of these systems [20, 21] focussed on the quantum phase transition; here, to study the quantum Griffiths singularities, we instead focus on the paramagnetic phase.
II. THEORETICAL CONSIDERATIONS
In this section, we will briefly review the model, as well as the basic concepts concerning the effect of rare strongly-coupled clusters. In the latter discussion, we follow the description of Thill and Huse [19] .
The model we study is the quantum Ising spin glass in a transverse field, which is governed by the Hamiltonian:
where σ 3) [24] , such a transition exists also at finite temperature (see Figure 1) , close enough to which the critical behavior is that of the classical model; the quantum behavior is recovered in the T → 0 limit.
As explained in previous work [20, 21, 25] , the quantum mechanical Hamiltonian (1) above may be approximately mapped onto an equivalent classical Hamiltonian in (d+1) dimensions given by:
where 
for the equivalent classical model (2).
Next, we examine the effect of Griffiths singularities in quantum Ising spin-glass systems, following Thill and Huse [19] . Consider a rare strongly-coupled or less-frustrated cluster (at T = 0) with local critical transverse field Γ loc c higher than the critical Γ c of the whole system. The probability of finding such a cluster with linear length scale L is exponentially small in the cluster volume:
where c 1 is a nonnegative constant depending continuously on the difference between Γ 
As a consequence, the probability of a spin being in a cluster with Γ loc c and imaginary time correlation length greater than ξ τ varies as ∼ ξ −λ τ , with λ = c 1 /c 2 . The exponent λ depends on both Γ and Γ loc c . For a given transverse field Γ the clusters that are most likely to produce large correlations will be those with the Γ loc c that minimizes this exponent; let us call the minimum value λ min (Γ). It is this exponent λ min (Γ) that characterizes the tail of the distribution of strongly-coupled clusters that produce Griffiths singularity effects. In particular, we will be studying the distribution of the local nonlinear susceptibility, which is proportional to ξ 3 τ . Thus the probability of a spin having a local nonlinear susceptibility larger than x falls off as Q(x) ∼ x −λ min (Γ)/3 , for large x. We do observe such a power-law tail of the distribution in our simulations, with the exponent varying continuously with Γ, as expected.
Let us compare the dynamic Griffiths singularities for the T = 0 quantum random paramagnetic phase and the classical paramagnetic phase at T > 0. In both cases the probability of a locally-ordered cluster is exponential in the volume of the cluster as in (4) . 
III. MEASUREMENTS OF GRIFFITHS SINGULARITIES
In the disordered (paramagnetic) phase, Griffiths singularities arise as a result of clusters which have finite correlation in space and rare sets of stronger-than-average bonds; these the linear susceptibility is divergent at Γ c but may not be divergent for Γ just above Γ c [20, 23] . For the (3 + 1)-dimensional system, on the other hand, we find that this uniform linear susceptibility is finite even at the critical point [21] . Thus we see that the linear susceptibility gets progressively less divergent with increasing d. Nevertheless, it remains of
interest to see what is obtained in the case of the average non-linear susceptibility. It is the non-linear susceptibility that is directly related to spin-glass order and it is always divergent at Γ c .
Since Griffiths singularities originate from local, strongly coupled clusters, we can study them by directly measuring various average local susceptibilities, obtained from the distribution functions of the single-site local magnetizations. In our simulations, we measure the single-site linear and nonlinear susceptibility, defined by The slope s of the large χ i,nl tail of the distribution determines whether the average local
which diverges when s ≤ 1. Clearly, the average local nonlinear susceptibility is not divergent at T cl = 4.8, where s ∼ = 2.6. As the effects of the Griffiths singularities lead to a convergent average local nonlinear susceptibility for most of the paramagnetic phase in the (3+1)-dimensional case, whereas strong effects were obtained in (1+1)-dimension [18] , we have also simulated the quantum Ising spin glass in a transverse field in d = 2, the (2+1)-dimensional case. In Fig. 6 , we show our results for two temperatures T cl = 3.6 and T cl = 3.5 in the paramagnetic phase (here T cl c = 3.275±0.025) [20] . In this case, the data clearly show a slope less than the critical value s = 1 at the lower temperature, signalling a divergent average local nonlinear susceptibility at a temperature almost 8% above T cl c . Our data are consistent with the more detailed data of Rieger and Young [23] in the adjoining paper (though we go to somewhat larger sizes), within statistical errors. If we make a linear interpolation of the slope between the two temperatures shown, we obtain the temperature for the onset of a divergent nonlinear susceptibility as T Here we have focussed on the effects of rare Griffiths clusters in the paramagnetic phase.
One can also ask about rare clusters at the critical point: which, if any, of the divergences at the critical point are due only to rare clusters? How do the Griffiths singularities in the paramagnetic phase match onto the scaling behavior at the critical point? For d > (1 + 1)
we know very little about these issues. Rieger and Young [23] show some data for the distribution of the local linear susceptibility at the critical point for d = (2 + 1). There is a long tail and it appears possible that the typical (i.e., median) susceptibility is not divergent. If this is correct, then the divergence of the linear susceptibility is solely due to rare regions.
Another related question is the universality of the Griffiths singularities. We have found for our model for d = (3 + 1) that the nonlinear susceptibility does diverge in the paramagnetic phase. Will this be true for all three-dimensional quantum Ising spin-glass systems or could another model with the same critical behavior not show this divergence? Some discussion of this question is in Thill and Huse [19] , but further work on this issue is needed to provide an answer.
